On the adjacency quantization in the equation 
modelling the Josephson effect 



In the present paper we investigate two-parametric family of non- 
autonomous ordinary differential equations on the two-torus that model 
the Josephson effect from superconductivity. We study its rotation 
number as a function of parameters and its Arnold tongues (also called 

phase locking domains): the level sets of the rotation number that have 



only for integer values of the rotation number [5, 11]; the boundaries of 
the tongues are given by analytic curves [4, 7], the tongues have zero 
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Abstract 



non-empty interior. The Arnold tongues of the equation under consid- 
eration have many non-typical properties: the phase locking happens 
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width at the intersection points of the latter curves (this yield the ad- 
jacency points). Numerical experiments and theoretical investigations 
[6, 14] show that each Arnold tongue forms an infinite chain of adja- 
cent domains separated by adjacency points and going to infinity in 
asymptotically vertical direction. Recent numerical experiments had 
also shown that for each Arnold tongue all its adjacency points lie on 
one and the same vertical line with the integer abscissa equal to the 
corresponding rotation number. In the present paper we prove this 
fact for some open domain of the two-parametric families of equations 
under consideration. In the general case we prove a weaker statement: 
the abscissa of each adjacency point is integer; it has the same sign, 
as the rotation number; its modulus is no greater than that of the 
rotation number. The proof is based on the representation of the dif- 
ferential equations under consideration as projectivizations of complex 
linear differential equations on the Riemann sphere, see [7, 8, 11], and 
the classical theory of complex linear equations. 



1 Introduction 

1.1 Main results 

We study two-parametric family of ordinary differential equations on the 
torus = 5^ X S^, = M/27rZ, with the coordinates {x, t) of the form 

X = — = vsinx + a + ssint, a, z^, s G M, v ^ 0. (1-1) 

This family of equations, which we will call class J equations for simplicity, 
models the Josephson effect from superconductivity. The value of the pa- 
rameter v is supposed to be fixed and non-zero; the variable parameters are 
a and s. 

The period 27r flow mapping of the equation is a difFeomorphism of the 
space circle = x {0} 

In the present paper we study its rotation number p = p(a, s) as a function 
of the parameters a and s. (Scaling convention: the rotation number equals 
the rotation angle divided by 2tt.) We will call the a-axis horizontal (and the 
a- coordinate the abscissa), and the s-axis vertical (and the s- coordinate 
the ordinate). 

Definition 1.1 The r-th Arnold tongue is the level set {(a, s) | p{a,s) = 
r} C M^, provided it has a non-empty interior. 
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The rotation number of the system (1.1) has a physical interpretation: 
this is the average tension for a long time interval. The segments of inter- 
section of the horizontal lines with the Arnold tongues correspond to the 
Shapiro stairs on the Wolt-Amper characteristic. Earlier it was shown that 

• the Arnold tongues exist only for integer values of the rotation num- 
ber [5, 10, 11]; 

• the boundary of each tongue p = r consists of two analytic curves that 
are graphs of functions denoted a = {s) and a = g^{s) (see. [4]; 
Alexey Klimenko independently observed that this fact follows imme- 
diately from symmetry^ of class J equation, see [14]); 

• each function g^(s), 5^(s) has asymptotics of the r-th Bessel function 
at infinity (found numerically and justified on the physical level in [6], 
proved in [14]): 



• thus, each Arnold tongue is an infinite chain of adjacent bounded 
domains that go to infinity in asymptotically vertical direction; the 
adjacenty points of neighbor domains that do not lie on the horizontal 
axis s = are called simply adjacencies. 

The following fact was found during numerical experiments. 

Experimental fact A. For every fixed v and every r e Z all the 
adjacencies of the r-th Arnold tongue lie on the same vertical line a = r. 

The main result of the paper is the following theorem that partly proves 
the above experimental fact. 

Theorem 1.2 The experimental fact A holds for every fixed / with 
ji^j < 1. For every fixed u ^ all the adjacencies have integer abscissas. The 

abscissa of each adjacency has the same sign, as the corresponding rotation 
number, and its module is no greater than that of the rotation number. The 
adjacencies corresponding to zero rotation number are exactly those lying on 
the axis a = 0. 

class J equation has the symmetry {x,t) i— >■ (tt — a;,7r — t). This implies that a 
parabolic fixed point of the period flow map can be only a fixed point ± f of the symmetry, 
see [14]. A proof of an equivalent statement is contained in [9, p. 30] 



g^ (s) = r - vJr{-s/v) + o{s 
gt{s) = r + uJr{-slv) + o{s~ 



72) 
72) 



(1.2) 
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Corollary 1.3 For every v ^ Q and r G Z there exists a M = M{v,r) > 
such that all the adjacencies of the r-th Arnold tongue with ordinates having 
modulus greater than M lie on the line a = r. 

Corollary 1.3 follows from the integrality of the abscissas of the adjacen- 
cies (Theorem 1.2) and the asymptotic formula (1.2) for the boundary of the 
Arnold tongues: the latter formula implies that the points of a given tongue 
with ordinates large enough lie in the 1-neighborhood of the line a = r. 

Remark 1.4 It is known that for every r G Z\0 the Arnold tongue p{a, s) = 
r intersects the horizontal axis s = exactly at the point with the abscissa 
s/r'^ + ly'^ (see [4, Corollary 3] and [11]). This is the point of adjacency of 
neighbor components of the tongue that we will call queer adjacency. 

1.2 Sketch- proof and plan of the detailed paper 

The proof of Theorem 1.2 is given in Section 3. It is based on the interpreta- 
tion of a family of class J equations as a family of projectivizations of linear 
ordinary differential equations on the Riemann sphere and classical theory 
of complex linear equatons. The above-mentioned interpretation is given by 
the next proposition stated and proved in Subsection 2.2. Its reformulation 
in some other terms was obtained in [7, 8, 11]. 

Proposition 1.5 The variable change p = e^^, r = e** reduces the family 
of class J equations to the following family of Riccati equations: 

The latter is the projectivization of the following family of linear ordinary 
differential equations via the variable change P = ■ 

i = ^,^ , = ^,,^,,)eC^ A{r)=(^ t (1-4) 

Definition 1.6 A nondegenerate linear operator in a vector space is pro- 
jectively identical (trivial), if its projectivization is identity as the induced 
map of the projective space. 

The integrality of the abscissas of adjacencies for every z/ 7^ is proved in 
Subsection 3.1. The linear equations (1.4) corresponding to class J equations 
have two irregular nonresonant Poincare rank 1 singular points: and 00 
(see Subsection 2.2). 
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Proposition 1.7 The adjacencies correspond to those parameter values, for 
which linear equation (1-4) has a projectively identical monodromy operator 
along the positive circuit around zero. 

Proof (sketch). The adjacencies correspond to those parameter values, for 
which the period 2tt flow map of class J equation is the identity. This easily 
follows from elementary properties of the rotation number (monotonicity in 
a and continuity in both parameters). The complexification of the latter 
period flow map is conjugate to the projectivization of the monodromy of 
linear equation (1.4), by Proposition 1.5. This implies Proposition 1.7. □ 



Lemma 1.8 The monodromy matrix of equation (1.4) is written in appro- 
priate basis of solutions as a product 

M = diag{l,e^^nSiSo, (1.5) 

where the matrices Sq (Si) are unipotent and respectively lower (upper) tri- 
angular. 

Proof (sketch). The classical theory of linear equations at nonresonant 
irregular singularities [2, 12, 3, 13, 16] implies that the monodromy matrix 
of a linear equation at a Poincare rank 1 irregular nonresonant singularity 
in appropriate basis of solutions is equal to the product of three matrices: 

- a diagonal matrix, which is the monodromy matrix of the formal normal 
form of the equation; 

- two additional unipotent matrices Si and Sq, which are inverse to the 
so-called Stokes matrices. 

The above product decomposition is explicitly given in [12, p. 35]. 
The formal normal form of equation (1.4) is 

[ W2 = :^(f + ar)w2 

Its monodromy matrix is diag(l, e^"^*"). This together with the above prod- 
uct decomposition proves the lemma. □ 

Proof of the integrality of the abscissas of the adjacencies. The 

projective triviality of the monodromy of equation (1.4) is equivalent to the 
triviality of all the operators in the product (1.5). This follows from the 
unipotence and lower (upper) triangularity of the matrices {Si). The 
flrst operator diag(l, e^'^*") is trivial, if and only if a G Z. Therefore, the 
abscisses of the adjacencies are integer. □ 
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The experimental fact A for < 1 is proved in Subsection 3.2. An 

additional elementary differential inequality (a precision of lemma 4 from 
[4]) shows that for < 1 the complement of the r-th Arnold tongue to the 
horizontal axis s = lies strictly between the lines a = r ± 1. Thus, all its 
adjacencies should lie on the line a = r. 

The general case, when is arbitrary, is treated in Subsection 3.3. It is 
easy to show that the abscissa of an adjacency has the same sign, as the cor- 
responding rotation number. Using the Argument Principle for appropriate 
solutions of Riccati equations (1.3), we show that the modulus of the ab- 
scissa of each adjacency is no greater than the modulus of the corresponding 
rotation number. This proves the theorem. 

A preparatory material (rotation number, linear equations. Stokes oper- 
ators and monodromy) is contained in Section 2. 
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O KBaHTOBaHHH nepeMbiHCK b ypaBHeHHH, MOflejiHpyK)ii],eM 

94)4)eKT ^>K03e4)COHa 

A. A. ^JIy^IOK *^ B. A. KJIe^^MH*§ ^. A. Ohjihmohob H. B. E^ypoB**^^ 

13 MapTa 2013 r. 

AHHOTaiI,HH 

B CTaTbe HccjieflyeTCH flBynapaMCTpHHecKoe ceMeflcTBO HeaBTOHOMHbix oGbiKHOBen- 
Hbix ;i,H4)(J)epeHi],Hajii>Hi>ix ypaBHenHii na Tope, MO^ejinpyiomee 34)4)eKT ^5K03e4)COHa h3 
4)H3HKH CBepxnpoBOflHHKOB. HsyHacTCH cro HHC.no BpamcHHH KaK 4)yiiKLi;Ha OT napaMBT- 
poB H H3UKU Apnoji-bda (Hnane HasBiBaeMbie o6jiacmHMU (fiaaoeozo aaxeama): MHOxcecTBa 
ypoBHH HHCJia BpameHHH, HMeiomHe HenycTyio BHyTpeHHOCTB. 5I3i>ikh paccMaTpHBaeMoro 
ypaBHCiiHa o6.naflaK)T pa;i,OM HeTHnnnHbix cbohctb: 4)a30BbiH 3axBaT npoHCxo^HT tojibko 
fljiH n,ejiOHHCJieHHBix 3HaHeHHii HHCJia BpamenHH [4, 8]; rpaHHn,Bi }I3bikob 3aflaK)TCH anajiH- 
THHecKHMH KpHBbiMH [6, 3], B TOHKax nepeceHeHHH KOTopbix innpHHa KSbiKa, paBHa nyjiio 
(oGpasyroTCH nepeMbiHKn). HncjieHHHe SKcnepHMeHTbi h TCopcTHHCCKHe HCCjie;i,OBaHHH 
([5], [15]) noKa3biBaK)T, hto Kaxcflbiii sisbiK Apnojibfla o6pa3yeT GecKOHeHHyro n,enoHKy 
npHMbiKaiomHx ^pyr k ppjrj oGjiacTeii, pa3/;ejieHHbix nepeMbiHKaMH h yxo^i^imnx na 6ec- 

KOHeHHOCTb B aCHMnTOTHHeCKH BCpTHKajIbHOM HanpaBJICHHH. He;i,aBHO B XO;i,e HHCJieHHblX 

SKcnepHMCHTOB 6bijio TaKxe oGHapyxceHO, hto a/lsi KajK^oro sisnKa Apnojibfla Bce ero ne- 
peMbiHKH jiojKaTCH Ha o;;Hy h ly ace BepTHKajibHyio npHMyio c ii,ejiOHHCJieHHOH a6cii,HCC0H, 
paBiiOH cooTBeTCTByiomeMy nncjiy BpamcHHa. B CTaibc npHBC^CHO ;i,OKa3aTejibCTBO SToro 
4)aKTa fljiH HeKOToporo OTKpbiToro MHOJKecTBa paccMaTpHBaeMbix flBynapaMeTpHHecKHx 
ceMeiicTB ypaBHenHii. B oGn^eivi cjiynae fl0Ka3aH0 6ojiee cjia6oe yTBepjK;;eHHe: a6cii,HC- 
ca KajKfloii ncpcMbiHKH Li,ejiOHHCjieHHa, hmbct tot jkc snaK, hto h hhcjio BpamenHH, h 
no MOflyjiK) He npeBOCxoflHT HHCJia Bpani,eHHH. /],0Ka3aTejibCTB0 ocHOBano na npeflCTaBjie- 

HHH paCCMaTpHBaeMblX ;i,H(J)(J)epeHH,HajIbHbIX ypaBHeHHH KaK HpOeKTHBH3aH,HH JIHHeiiHblX 

;i,H4)4)epeHLi,HajibHbix ypaBHeHHH na ccjjcpc Pniviana [6, 8, 12] h KjiaccHHecKoii xeopHH jih- 

HeHHblX ypaBHCHHH C KOMHJICKCHblM BpCMCHCM. 
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1 Bfie^eHHe 

1.1 OcHOBHfcie peayjibTaTbi 

B CTaTbe paccMaTpHBaeTCH ceMeficTBO oSbiKHOBenHbix flH4)4)epeHLi,HajibHbix ypaBnenHH na 
Tope = X S^, = M/27rZ, c KoopflnnaTaMH {x,t), HMeiomee bh^ 

dx 

X = — = vsinx + a + ssint, a, z^, s G M, v ^ 0. (1-1) 

3to ceMelicTBO ypaBHeHHH, KOToptie mm 6ypfiT p^jia KpaTKOCTH nasMBaTb ypaeneHunMU KAacca 
/f, MOflejiHpyeT acjacjaeKT ^jK03e4)C0Ha hs 4)H3hkh cBepxnpoBOflHHKOB. SnaneHHe napaMeipa 

U 4)HKCHpyeTC5I npOHSBOJIbHbIM, He paBHbIM HyjIK). 

OToSpaxceHHc no roKa ypaBHenHa sa nepnofl 27r ecTb flH4)4)eoMop(|)H3M npocTpancTBeHHOH 

OKpyXCHOCTH = X {0} 

ha.y. S^^S\ 

B HacTOHmeli CTaTte HccjieflyeTca ero hhcjio BpameHHH p = p{a, s) kslk 4)yHKii,HH ot napaMCT- 
poB an s. (CorjiameHHe o HopMHpoBKe: hhcjio BpameHHH HOBopoTa paBHo yrjiy HOBopoTa, fle- 
jieHHOMy Ha 27r.) By^eivi nasbmaTb KOopflHHaTHyro ocb a ropHSOHTajibHOH (h a-KOopflnnaTy — 
a6cv,uccou) , a ocb s — BepTHKajibHOH (h s-KOopflHHaTy — opduHamou) . 

OnpeflejieHHe 1.1 HasoBeM r-M msukom ApnoAbda MHOxcecTBO ypoBHa {(a, s) | p{a,s) = 
r} C M^, ecjiH oho HivieeT HenycTyio BHyTpennocTb. 

Hhcjio Bpan];eHH5i CHCTeMbi (1.1) HMeeT 4)H3HHecKyio HHTepHpeTan,Hio: bto cpe^nee nanpa- 
jKenne 3a fljiHTejibHbiit npoMe>KyTOK BpeMenn. 0Tpe3KH, no KOToptiM H3biKH Apnojibfla nepe- 
ceKaioT ropH30HTa.jibHbie npHMbie, cooTBeTCTByioT CTynenbKaM IIIanHpo na BOJibT-aMnepnoft 
xapaKTcpncTHKC. Pancc 6i.ijio noKasano, hto 

• a3biKH ApHOJibfla cymecTByioT tojibko fljia Li,ejibix 3HaHeHHH nncjia BpameHHH [4, 8, 7]; 

• rpaHHu;a KajK/;oro H3biKa p = r coctoht hs ^Byx anajiHTHHecKHX kphbmx, HBjiHioni;HXCH 
rpa4)HKaMH 4>yHKH,HH, o6o3HaHaeMbix Hepe3 a = g~{s) m a = g^is) (cm. [3]; A. B. 
KjiHMeHKO He3aBHCHMO 3aMeTHji, HTO 9TOT (J)aKT MFHOBeHHO cjieflycT H3 cooSpaxceHHH 

CHMMBTpHH^ ypaBHeHHH KJiaCCa JX, CM. [15]); 

• Kaacflan 4)yHKH,HH 3^(s), g^{s) HMeeT acHMHTOTHKy r-A 4)yHKH,HH BeccejiH na SecKO- 
HCHHOCTH (hhcjichho oSnapyxceHO h oSocnoBano na (J)H3HHecKOM ypoBne CTporocTH b 
[5], flOKa3aHO b [15]): 

g-{s) = r - Ujr{-SM + 0(S-V2) 

g+{s) = r + Ujr{-SM + 0(S-V2) ^ " > 

• TeM caMbiM, KajKflbiit H3biK ApHOJibfla ecTb SecKoneHHan H,eHOHKa HpHMbiKaion],Hx flpyr 
K flpyry orpanHnenHbix oSjiacTen, yxoflnn^nx na SecKonenHOCTb b acHMHTOTHHecKH Bep- 
THKajibHOM HanpaBjieHHH; tohkh npHMbiKanHH coceflHHx oSjiacTen, ne jie»:an],He na och 

s = 0, HasMBaroTCH nepcMUUKaMU. 

^ypaBHeHHe Kjiacca HMeeT CHMMeTpnio {x,t) i-^ (tt — a;, tt — t), b CHjiy KOTopoii napa6ojiHiecKHMH 
HenoflBHiKHbiMH TOTKaMH oTo6paaceHHH noTOKa 3a nepHOfl Moryx 6i>iti> tojibko HenoflBHacHbie tohkh ±f 

CHMMBTpHH, CM. [15]. flOKaSaTejIbCTBO 3KBHBajieHTHOrO yTBepaCfleHHH COflepaCHTCH B [13, CTp. 30] 
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B xofle HHCJieHHbix SKcnepHMenTOB 6biji oSnapyxceH cjieflyion],HH 

3KcnepHMeHTajibHbiH cJjaKT A. JJah ak)6ozo cpuKcupoeanHozo ly ^ u Am6ozo r ^"L 
ece nepeMUHKU r- go nauKa ApnoAhda JieMcam na odnou u mou Mce eepmuKajimou npnMou 
a = r. 

OcHOBHbiM pesyjibTaTOM HacTOHmeft cTaTbH HBjiHeTCH cjieflyiomaH TeopeMa, KOTopaa na- 
CTHHHO flOKasbiBaeT BbimeynoM5iHyTbm SKcnepHMeHTajibHbin 4)aKT. 

TeopeMa 1.2 dKcnepuMernnaAhHuu (fiaKva A eepen npu ak)6om cfjuKcupoeauHOM v c 
1 1^1 < 1. IIpu AK>6oM ^UKCupoeaHHOM u ^ ece nepeMUHKU UMetom v,ejioHUCAeHHue a6c- 
v,uccu. y Kaotcdou nepeMUUKU a6cii,ucca UMeem mom otce shuk, nmo u coomeemcmeywmee 

HUCAO epamenufi, u ne npeeocxodum uucAa epaineHun no ModyAio. IJepeMUUKU, omeeuawinue 
HyAeeoMy uucAy epamenun, cymb e moHHOcmu nepeMUUKU, AeMcamue na ocu a = 0. 

CjieflCTBHe 1.3 JJah ak)6ux u ^ Q u r E 7, cymecmeyem M = M{u,r) > 0, manoe umo 
ece nepeMUHKU r- so nsuKa ApnoAbda c opdunamoMU, no ModyAW 6oAbmuMU M, Aeotcam na 
npnMou a = r. 

CjieflCTBHe 1.3 BbiTeKaeT h3 ii;ejioHHCjieHHOCTH a6cii;Hcc nepeMbineK (TeopeMa 1.2) h acHMn- 

TOTHHeCKOH (jpopMyjIbI (1.2) flJIH rpaHHLI,bI HSblKa ApHOJIbfla, B CHJiy KOTOpOH TOHKH r-ro HSblKa 

c flocTaTOHHO 6ojibmHMH opflHHaTaMH no MOflyjiK) jiejKaT B 1-OKpecTHOCTH npaMOH a = r. 

SaMenaHHe 1.4 Hsbcctho, hto npn jik)6om r G Z\0 hsmk Apnojib^a p{a, s) = r nepeceKaeT 
ropHsoHTajibHyio ocb s = poBHo B oflHoit TOHKe c a6cLi,HccoH \/r^~+~z^ (cm. [8] H [3, cjieflCTBHe 
3]). 3to — TOHKa npHMbiKaHHa coceflHHx KOMnonenT BHyTpenHOCTH sisbiKa, KOTopyio mm 
Sy^eM HasbiBaTb aookhou nepcMUHKOu. 

1.2 Hfl^esi flOKasaTejiBCTBa h njian CTaTbH 

/^OKasaTejibCTBO TeopeMbi 1.2 npe^cTaBjieno b pas^ejie 3. Oho ocHOBano na npe^cTaBjieHHH 
ceMelicTBa ypaBneHHli Kjiacca KaK ceMeftcTBa npoeKTHBH3aii,HH jiHHeliHbix flH4)4)epeHii,Hajib- 
Hbix ypaBHeHHH na c4)epe PHMana (nojiyneHHOM b paSoiax pasjiHHHbix aBTopoB, cm. Taicace 
pasflCJi 2.2 HHxce) h KjiaccHnecKOH tcophh jiHHenHbix ypaBHeHHH c KOMHjieKCHbiM BpeMencM. 

Onpe^ejieHHe 1.5 By^cM nasMBaTb HeBbipojKflCHHbiH jinnenHbiH onepaTop b jiHHeiiHOM npo- 
CTpancTBC npocKmueno mootcdecmeeHHUM, ecjiH oh hmcct TOxcflecTBenHyio HpoeKTHBH3aH,Hio 
KaK HHflyH,HpoBaHHoe OToSpaacenne hpockthbhofo npocTpancTBa. 

L^ejiOHHCJieHHOCTb a6cn,HCC nepeMbiHCK npn jik)6om v ^ Q flOKasbiBaeTca b pas^ejie 3.1. 
JlHHeHHbie ypaBHeHHH, cooTBeTCTByron^ne ypaBHeHHHM Kjiacca JX, hmciot jxee HepesoHancHbie 
HpperyjiapHbie oco6bie tohkh h oo panra HyaHKape 1 na c4)epe PnMana (cm. pasfleji 2.2). 
IlepeMbiHKH OTBenaiOT tbm snaneHHaM napaMCTpoB, npn KOTopbix MOHOflpoMHH jinneHHoro 
ypaBHeHHsi npoeKTHBHO TOxc^ecTBeHHa. OKasbiBaeTca, hto sto HMeei mbcto Tor^a h tojibko 
TOTj^a, Korfla pocTOK paccMaTpHBaeMoro jiHHeftHoro ypaBHeHHH b HpperyjiapHOH oco6oh tohkc 
HpHBOflHTCH aHajiHTHHccKOH saMCHOH HepeMeHHbix K cro (jpopMajibHoii HopMajibHOH 4>opMe 
(npaMOH cyMMe oflHOMepHbix ypaBHeHHH), h MOHOflpoMHH HOCJieflHen hpockthbho TOJK/],e- 
CTBenna. 3to BbiBOflHTCsi h3 KjiaccnnecKHx pesyjibTaiOB o6 anajiHTHHecKOH KjiaccH4)HKan,HH 
pocTKOB jiHHeHHbix ypaBHeHHH B HepesoHaHCHbix HpperyjiJipHbix ocoSbix TOHKax. MaTpHn,a 
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BMHeTa HopMajibHOH 4)opMbi HMeeT eflHHCTBeHHoe HenyjieBoe co6cTBeHHoe SHaneHHe, paBHoe 
a6cLi,Hcce nepeMbiHKH. OTciofla cjie^yeT ii,ejioHHCJieHHocTb a6cLi,Hccbi nepeMbiHKH. 

SKcnepHMeHTBJibHbiH (|)aKT A npn < 1 flOKasbiBaeTca b pai3fl,ejie 3.2. /^onojiHHTejibHoe 
9jieMeHTapHoe flH4)(J)epeHn,HajibHoe HepaBencTBO (yTOHHeHne jieMMbi 4 h3 [3]) noKasbiBaeT, 
HTO npH |/^| < 1 flonojiHeHHe r-ro HSbiKa Apnojibfla flo ropHSOHTajiBHoli och s = .jicjkht 
CTporo MejKfly npHMbiMH a = r ± 1. TeM caMbiM, Bce ero nepeMbiHKH floJiJKHbi jiejKaTb na 
npjiMOH a = r. 

OSmHH cjiynan, Kor^a v — npoHSBOJibHO, pasSnpaeTCJi b paa^ejie 3.3. JlerKO noKaaaTb, 
HTO a6cLi;Hcca nepeMbiHKH HMeeT tot ace snaK, hto h cooTBeTCTByiomee hhcjio BpamcHHH. 
^onojiHHTejibHbie paccyjKfleHHH o cooTBeTCTByion],Hx ypaBHeHHHx PnKKaTH, HcnojibsyiomHe 
npHHii,Hn apryMBHTa ^jih KOMnjieKCHbix pemeHHit, flOKasbmaiOT, hto MO^yjib a6cLi,HCCbi KajK- 
flOH nepeMbiHKH ne npeBOCxoflHT MOflyjisi HHCJia Bpamenna. 3to flOKaxceT TeopeMy. 

no/];roTOBHTejibHbiH MaTepnaji (hhcjio BpameHHH, jiHHeHHbie ypaBHenHa, onepaTopbi Ctok- 
ca H MOHOflpoMHii) coflepjKHTCH B pa3/i,ejie 2. 



2 IlpeflBapHTejibHMe cBe^eHHH 

2.1 Hhcjio BpcimeHHH noTOKa na Tope h nepeMbmKH. 

PaccMOxpHM noTOK Ha Tope = x = M^/27rZ^ c KOopflnnaTaMH {x,t), saflannbiH 
HeaBTOHOMHbiM flH4)4)epeHn,HajibHbiM ypaBHeHHeM c rjiaflKofi npaBofi nacTbio 

x=^^=f{x,t). (2.1) 

HpeoGpasoBaHHe noTOKa sa BpeMH t ecTb /;H4)4)eoMop4)H3M npocTpancTBeHHOH OKpyjKHOCTH, 
KOTopbiH Mbi o6o3HaHHM hf ^ . PaccMOTpHM yHHBepcajibHyio HaKpbiBaiomyio nafl 
npocTpancTBeHHOH OKpyxcHOCTbio: 

M ^> 5^ = M/27rZ. 

IlpeoGpasoBaHHH noTOKa ypaBHeHHH (2.1) noflHHMaiOTCJi na yHHBepcajibHyio naKpbiBaioniyio 

H HHflyiI,HpyiOT flH4)4)eOMOp4)H3MbI 

i7g,t : M = M X {9} ^ M = M X {9 + t}, Hq^ = Id. 

HaHOMHHM, HTO flJIH JHoSbDC (x, g) G M X 5^ HpeflBJI 

p= lim -Hq^2^n{x)e^ (2.2) 

n-^+oo n 

cymecTByeT, ne saBHCHT hh ot g, hh ot a; h nasbiBaeTCsi hucaom epamenun nomoKa ypaenenun 
(2.1) (cm. nanp. [1, CTp. 124]). 

PaccMOTpHM Tenepb (npoHSBOJibHoe) anajiHTHHecKoe ccMelicTBo ypaBHeHHH 

Va,s '■ X = g{x,t, s) + a, a, s G M. (2-3) 

HpefljioxceHHe 2.1 ^ucjio epamenuM p = p{a,s) nomoKa (2.3) ecrm> Henpepuenan (fiynn- 
v,vji om napoMempoe {a,s), Komopan ne y6ueaem Kan ^yHKi^uH om a. Ecjiu npu ueKomopoM 

SHCLHdHUU napaMeUipoe (^(1q,Sq) npeo6p(1306(lHU6 nOUlOKO, /l27r = ^ao,sO)27r • 

X {0} ^S^x {0} 
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ypaeneHun (2.3) UMeem HenodeuMCHym mouKy, mo hucao epainenun /j(ao,so) v,eAOHUCAeH- 
Ho. EcAU 6 nocAedneM CAyuae, donoAHumeAbHO, npeo6pa3oeaHue 
mootcdecmeeHHUM, mo cymecmeyem mamu unmepeoA I c kohv^om oq, htoo 

- Oah Am6oso a E I npeo6pa3oeaHue /ia,so,27r UMeem xomn 6u odny HenodeuMCHyto moHKy; 

- Bah mo6ozo a £ I nom,oKu ecex eenmopnux noAeu, docmamoHHO C^- 6au3kux k Va,so, 
UMemm mo Mce hucao epamenun p{ao,so). 

/l^OKaaaTejibCTBO ITepBoe h BTopoe yTBepjK^eHHH npe^jiojKeHHH co^epjKaTCH b [1, CTp. 
131-133]. ^oKajKeM TpeTte yTBepjKfleHHe npefljiojKeHHH. IlycTb npeo6pa30BaHHe noTOKa h = 
hao,so,2n He siBjisieTCJi TOJKflecTBeHHbiM H HMeeT HenoflBHxcHyio TOHKy O E S^. Tor^a nocjiefl- 

HSIH — H30JIHpOBaHHa>I HCllO^BHJKHaH TOHKa, B CHJiy aHajIHTHHHOCTH. IlyCTb J = [P, O] C 

— OTpesoK c KOHii;oM O cjieBa ot O, He coflepjKamnft ^pyrnx neno^BHJKHbix ToneK. Tor/i,a 
h{J) 7^ J: jih6o h{J) C J, jih6o h{J) D J. Bes orpaHHHeHHH o6ii],hocth mbi paccMOTpHM 
TOJibKO nepBbiH cjiynan: ^a,so,27r(</) C J npn a = ao- CymecTByeT HHTepBaji / = (c, oq) C 
M, TaKOH HTo nocjie^Hee BKjiiOHeHHe BbinojiHeno fljisi jiio6oro a G / h siBjiaeTCH cTporHM, 
ha.S(),2TT{J) <s J, TaK KaK j^jisi jiio6i.ix 4)HKCHpoBaHHMX s, t K X (JjyHKi^HH o I— t- ha^s,t{x) Henpe- 
pbiBHa H cTporo BospacTaeT. TeM caMbiM, fljia jiio6oro a G / oTo6pa»:eHHe ha,so,2-K nepeBo^HT 
OTpesoK J BHyTpb ceSsi, a snanHT, HMeeT Taivi HenoflBHacHyro TOHKy, h cjie^OBaTejibHO, u,e- 
jioe HHCJio BpameHHsi, paBHoe p{ao,so). IIocjieflHee BKjiioHeHHe BbixcHBaeT npn jiio6bix C^- 
Majibix BosMymeHHHx oTo6pajKeHHsi ha,s,2n- 3to BMecTe c HenpepbiBHOCTbK) HHCJia BpameHHH 
flOKasbiBaeT npe/;jiojKeHHe 2.1. □ 

PaccMOTpHM Tenepb ceMeiicTBo (1.1) ypaBHeHHii Kjiacca fl,. ^Hjih KajK/i,bix sHaneHHii napa- 
MeTpoB (a, s) o6o3HaHHM nepes 

ha,s = ha,s,2n : X {0} ^S^x {0} (2.4) 

npeoSpasoBaHHe noTOKa cooTBeTCTByromero ypaBHeHHH sa nepnofl 2tt. IlycTb 

p(a,s) oGosHanaeT cooTBeTCTByioiii,ee hhcjio Bpamenna. (2.5) 

HpeflJiOHceHHe 2.2 Hucao epauj,eHun p{a,s) ecmb HcnpepueHan cf)yHKU,ufi om napajviempoe 
(a,s), Komopan hc y6ueaem kuk (pyHKU^UH om a. IlepeMUHKU siauKoe ApnoAhda u aomchuc 
nepcMUHKU (cm. eeedenue) omeenatom e moHHOcmu mcM sHaueHUHM napoMcmpoe, npu ko- 
mopux coomeemcmeywmee npeodpasoeanue nomoKa ha,s mootcdecmeeHHO. 

^OKasaTejifcCTBO IlepBoe yTBepjKfleHHe npefljioxceHHH 2.2 cjie^yeT h3 nepBoro yTBepjKfle- 
HH5I npefljioxceHHH 2.1. ^oKaaceM BTopoe yTBepxc^eHHe. IIpeflnojioxcHM npoTHBHoe: fljia oflHoii 

H3 nepeMbiHeK (ao,so) (HacToameft hjih jiojkhoh) cooTBeTCTByiomee npeoGpasoBanne noTOKa 

He HBJIHeTCH TOJKfleCTBeHHblM. OhO HMeeT Il,ejIOHHCJieHHOe HHCJIO BpameHHH H TCM CaMbIM, 

HeHOflBHxcHyio TOHKy. CjieflOBaTejibHo, HMeeTca HHTepBaji J C M, npHMbiKaHDmHii k oq, Ta- 
KOH HTO fljiH jiioSoro a E I HpeoSpasoBaHHe ^a,so HMeeT HenoflBHacHyio TOHKy h HHTepBaji 
I X {sq} C {s = So} JiejKHT BO BHyTpeHHOCTH HSbiKa ApHo.nbjia p{a,s) = p{aQ,so) (npe^- 
jiojKeHHe 2.1). B to JKe BpeMH, npHMaa s = sq ne MOJKeT HepecexaTb BnyTpeHHocTH asbiKa. 
T^encTBHTejibHO, B HpoTHBHOM cjiyHae, 6jiH3KaH efi HapajiJiejibHaa HpaMaa nepecexjia 6bi, KaK 
MHHHMyM, flBe pasjiHHHbie KOMHoneHTbi asbiKa (ho OHpe^ejieHHio HepeMbiHKn), hto hpothbo- 
peHHj[o 6bi mohotohhocth HHCjia BpameHHH KaK 4)yHKii,HH OT a. IlojiyHeHHOc npoTHBopenne 
flOKaabiBaeT TOJKflecTBeHHocTb npeoGpasoBaHHa HOTOKa. H o6paTHo, nycTb npeoGpaaoBaHHe 
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noTOKa TOJK^ecTBeHHO. Tor^a paccMaTpHBaeMaa TOHKa (ao,so) npHHa^jiejKHT ii;ejioHHCjieH- 
HOMy HSbiKy ApHOJibfla. Ona ne MOJKeT jiejKaTb b ero BHyTpeHHocTH. ^eftcTBHTejibHo, npn 
yBejiHHeHHH (yMeHbineHHH) napaivieTpa a npn 4)HKCHpoBaHHOM s = sq o6pa3bi ecex ToneK 
X € nofl flencTBHeM npeoSpasoBaHHJi noTOKa flBHxcyTca b nojioxcHTejibnyio (oTpHn,aTejib- 

Hyio) CTopoHy. B HacTHOCTH, y BOSMymeHHoro OTo6pajKeHHH noTOKa ne 6yp,eT neno/^BHJKHbix 
TOHeK (b cHjiy TOJKflecTBeHHocTH HeBosMymeHHoro) . TeM caMbiM, TOHKa (ao, sq) ropHsoHTajib- 

HOH npjIMOH M X {so} HBJISieTCJI HSOJIHpOBaHHOH TOHKOH nepeCeneHHH 9TOH npjIMOH C SISblKOM 

ApHOJibfla p = p{ao,so). Cjie^OBaTejibHO, ona flOJixcna SbiTb nepeMbiHKOH (nacTOsimeH hjih 
jioxchoh). IIpefljioxceHHe flOKasano. □ 

2.2 CBe^eHHe ypciBHeHHii Kjiacca JJ, k ypaBHeHHaM Phrkhth 

PesyjibTaTbi SToro pas^ejia b necKOJibKO HHbix TepMHHax panee Shjih nojiyneHbi b paSoTax [6, 
8, 12]. 



IIpeflJioxceHHe 2.3 SaMena nepeMemux 

p = e", r = e** (2.6) 
ceodum ceMeucmeo ypaeneHuu KJiacca k ceMeucmey ypaeneHuu euda PuKKamu: 

dp ^ ( 2\'^'^ t is{\ — T^) 



dr T 



u{l-p')- + {aT + ^- '-)p]. (2.7) 



nocjiednee nojiyHaemcH us CAedywmeao ceMeucmea JiuneuHux o6uKH06eHHUx du^epeHv^u- 
ajibHux ypaeneHuu npoeKmueusau^aeu: 

i = . = e C^ Mr) = ( I „(, J) ^ ; P = |. (2.8) 

^OKaaaTejifcCTBO HoflCTaBjiHa saMeny (2.6) b ypaBHenne (1.1), nojiynaeivi 

sinx = ^(p-p"^), sini = ^(r-r"^), 
• dp . . up _i. . s _i . dr 

p= — =ipX= —{p-p ) + iap+-(T-T )p,T= — =lT. 



CjieflOBaTejibHO, 



^ = = :^(^(1 - P ) + a^^r + -(1 - r )p), 



H TeM caMbiM, nojiynaeM ypaBHeHHe (2.7). HocjieflHee ecTb ypaBHeHne BH^a PnKKaTH, h tbm 
caMbiM, aBjiaeTca npoeKTHBH3an,HeH jinneHHoro ypaBHenna 

dz B(t) / n ^9 Z2 , ^ 

z= — = ^z,z = {zx,Z2)^C^,p=-. 2.9 
dr zi 



YpaBHeHHe (2.9) oflHoanaHHo OHpeflejieno c tohhoctbio j\o hopmhpobkh, TaK KaK cooTBeTCTBy- 
romaa BeKTop-(|)yHKn,H5i z{t) onpe^ejiaeTca pemeHHeM pij) ypaBHenHa PnKKaTH oflHOSHaHHO 
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c TOHHOCTbK) flo yMHOJKeHHH Ha CKajiHpHyK) 4)yHKii;Hio OT T. HaajifiM K034)4)Hii;HeHTi.i ypaB- 
HeHHa (2.9). HoflCTaBjiHii ero b cjpopMyjiy p = ^ n flH4)(3pepeHLi,HpyH nocjie/i,Hioio, nojiyHHM 

^ = \iiB22ir) - Bi,{t))p + B2i{t) - B^2{r)p'). 
dr 

CpaBHeHHe nocjieflnero ypaBHenHa c ypaBHenneM (2.7) flaei 

B22{t) - Bu{t) = ar + |(1 - r^), i?2i(r) = Bu{t) = ^. 

BcsiKaH MaTpHHHOSHaHHaa 4)yHKn,H5i B = {Bij){T), yflOBjieTBopHioni;aH npeflbiflyiii,HM paBen- 
CTBaM, onpe/];ejiHeT jiHHeftHoe ypaBHenne, OTBenaiomee ypaBHeHHio PnKKaTH (2.7). OyHKii;HH 
-Bii(t) MOJKeT 6biTb Bbi6paHa npoHSBOJiBHoft, H ee Bbi6op onpeflejiaeT MaTpHLi,y B{t) oflHo- 
3HaHHO. IIojioxcHB B\\ = 0, nojiyHHM MaTpHHHOSHaHHyio 4)yHKn,Hio A{t) h3 (2.8). Ilpefljio- 
xceHHe flOKaaano. □ 



2.3 HpperyjiapHfcie oco6Me tohkh jiHHeftHMx ^HcJxJjepeHuiHajibHbix ypciB- 
HeHHH: aBjieHHe CTOKca h MOHo^poMHa 

Bee pesyjiBTaTbi, npc/;cTaBjieHHbie b nacToameM paa^ejie, hbjijiiotcji KjiaccHnecKHMH h co^ep- 
xcaTca B [2, 9, 11, 14, 16]. 

PaCCMOTpHM pOCTOK JIHHeHHOrO o6bIKHOBeHHOrO flH4)4)epeHii,HajibHoro ypaBHeHHH 

^ = ^ = (^1' ^2) e (2.10) 

B oKpecTHocTH HepesoHaHCHOH HpperyjiHpHOH 0C060H TOHKH r = panra 1. Ho onpe^ejie- 

HHK), 9TO B TOHHOCTH OSHaHaeT, HTO B{t) eCTb rOJIOMOp4)HaH B Hyjie 2x2 MaTpHHHOSHaHHaa 

4)yHKn,Hsi, H MaTpHn,a -B(O) HMeeT pasjiHHHtie coScTBeHHbie SHaneHHsi Ai, A2. Bes orpanHne- 

HHH oSmHOCTH SyflBM CHHTaTb MaTpHLI,y -B(0) flHarOHajIbHOH, 

5(0) = diag(Ai, A2), A2 - Ai G «+. 
3Toro MOJKHo flo6HTbCH, HpHMeHHB jiHHeHHbie nocToaHHbie saMeHbi nepeMeHHbix 2: h r. 

OnpeflejieHHe 2.4 /^Ba pocTKa ypaBHenHlt BH^a (2.10) aHOJiumuHecKu (^opMajibHo) 9k- 

eueaAenmHU, ecjin cymecTByeT saMena z = H{t)w nepeMeHHoft z, rpfi H{t) — rojioMop4)HaH 
o6paTHMaH MaTpHHHOSHaHHaa 4)yHKLl,HH (cOOTBeTCTBeHHO, 4)opMajibHbm o6paTHMbIH cTeneH- 

HOH p5ifl no r c MaTpHHHbiMH K094)4)Hn,HeHTaMH) , npeoSpasyiomaji o^ho ypaBHenne b flpyroe. 

AnajiHTHHecKaa KjiaccH4)HKaii,HH HpperyjiapHMx HepesoHancHbix poctkob jinneftHbix ypabne- 
HHH (2.10) H pesyjibTaTbi, npeflCTaBjiennbie b HacToameM pasflejie, 6bijiH nojiyneHbi b Kjiac- 

CHHCCKHX pa6oTax [11, 14, 16] a TaKJKC npc;icTaB.JicHM b [2, 9]. OKasbisacTCH, hto bchkhh 
pocTOK ypaBHeHHH (2.10) (]popMajibHo 3KBHBajieHTeH eflHHCTBeHHoii npHMoii cyMMe oflHOMep- 
Hbix ypaBHeHHH BH/i,a 

(felO+fclir) 

~ ib,olLrr ' &20-6lOe«+, (2.11) 
W2 = ' W2. 
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HasbiBaeMOH (f)opMam>Hou HopjviaAhHou cpopMou; sflecb bjo = Xj. CooTseTCTByiomHli HopMa- 
jiHsyiomHH pH/i, H[t), z = H{t)w, eflHHCTBeneH c tohhoctbio flo yMHOJKeHHH cnpaBa na 
nocTOHHHyio MaTpnny. KaK npaeHjio, HopiviajiHsyiomHH pa^ pacxoflHTca. B to jkb BpeMH, 
cymecTByeT noKpbiTHe npoKOJiOTOH OKpecTHOCTH nyjia fl^yusi ceKTopaMH Sq a Si c BepniH- 
HOH B Hyjie Ha KOMnjieKCHOii npjiMoft r, oG.Jiajiaromee cjie;];yiomHM cbohctbom. Ha^ KajK/^biM 
ceKTopoM Sj cymecTByeT e^HHCTBeHHaa saMena nepeMeHHbix z = Hj(T)w, KOTopaa npeo6pa- 
syeT (2.10) b (2.11), r^e Hj^t) — anajiHTHHecKaH oSpaTHMaa MaTpHHHOSHaHHaa 4)yHKn,Hii na 
Sj, C°°-rjiaflKO npoflOJixcaiomasicsi na saMbiKaHHe Sj ceKTopa, Tax hto ee acHMnTOTHnecKHH 
pHjI TcH.Jiopa B cymecTBVCT h coBna;];acT c ;];aHHbiM HopMajiHsyiomHM paflOM. npe/i,biflymee 
yTBepjKfleHHe o cymecTBOBaHHH a e^HHCTBeHHocTH ceKTopHajibHoli HopMajiH3aLi,HH BbinojiHe- 
HO B jiK)6oM xopomeM ceKTope (cm. cjie^yiomee onpeflejieHne) ; noKpbiTHe coctoht h3 xoponiHx 

CeKTOpOB. 

Onpe^ejieHHe 2.5 HasoBCM ceKTop b C c BepniHHoit b xopoiuuM, ecjiH oh coflepjKHT tojib- 
KO OflHy BemecTBeHHyro nojiyocb M±, h ero saMbiKanHe ne co^epjKHT flpyryio (cm. pnc. 1). 

By^eM cHHTaTb, hto ceKTop Sq coflepjKHT Beni,ecTBeHHyio HOJiojKHTejibHyio HOJiyocb, a ceKTop 

51 — OTpHn,aTejibHyio, cm. pnc. 1. IIojioxchm S2 = Sq. 

CTaHflapTHoe pasjioxcenHe HopMajibHoil 4)opMbi (2.11) b npHMyio cyMMy oflHOMepHbix 

ypaBHeHHH OHpe/];ejiHeT KaHOHHHecKHH 6a3HC b npocTpancTBe ee pemeHHH (e^HHCTBeHHbiM 

06pa30M, C TOHHOCTbK) flO yMHOJKeHHH 6a3HCHbIX 4)yHKH,HH Ha KOHCTaHTbl) C flHarOHajIbHOH 

(JjyHflaMeHTajibHOH MaTpni^en. 06o3HaHHM nocjieflHroro 4)yHflaMeHTajibHyio MaTpnny Hepe3 

W{t) = diag(w;i,tt;2). 

BMecTe c HopMajiH3yioni;HMH 3aMeHaMH Hj b Sj, ona onpeflejisieT KanonHHecKHe 6a3HCbi 
ifji, fj2) B HpocTpancTBax pemeHHH ypaBHenna (2.10) b ccKTopax Sj c (J^yH^aMeHTajibHbiMH 

MaTpHH,aMH 

P{T) = Hj{T)W{T), i = 0,l, (2.12) 

Tj\e fljia jiioSoro j = 0, 1 BeTBb "c HH^eKCOM j + 1" 4)yHflaMeHTajibHOH MaTpHH,bi W{t) na 
Sj^i HOJiynaeTCH h3 ee BeTBH "c hhackcom j" na Sj c HOMombio anajiHTHHecKoro npofloji- 
jKeHHH HpoTHB HacoBOH CTpejiKH. BeTBb 4)yH/];aMCHTa.JibHOH MaTpHn;bi W "c HH/];eKCOM 2" Ha 

52 = Sq HOJiynaeTCH h3 BeTBH "c HHfleKcoM 0" yMHOJKeHHeM cHpaBa na MaTpHH,y mohoapomhh 

4>OpMajIbHOH HOpMajIbHOit 4)OpMbI (2.11). B CBSI3HOH KOMHOHeHTe HepeCeHeHHSI S'jPlS'j+l HMC- 

lOTCJi flBa KaHOHHHecKHx 6a3Hca pemeHHH, HpHxoflJim;Hx h3 ccktopob Sj h -S^+i. KaK npaBHjio, 
OHH He coBHa^aroT. Ilepexofl Mexc^y hhmh OHpe^ejisieTCii npn HOMom;H hocto5ihhoh MaTpHH,bi 

Z^+\t) = Z\T)Cj. (2.13) 

OnepaTopbi HepexoflOB (MaTpHH,bi Cj) Ha3biBaioTCfl onepamopaMU (Mampu%aMu) CmoKca (cm. 
BbimeyHOManyTyio jiHTcpaiypy) . HcTpHBHajibHOCTb onepaiopoB CiOKca flOCTaBjiacT npenjiT- 

CTBHC K anajIHTHHeCKOH SKBHBajieHTHOCTH ypaBHCHHSI (2.10) ero (JjOpMajIbHOH HOpMajIbHOH 

4)opMe (2.11) H HasbiBacTCH neAenueM CmoKca. 

SaMenaHHe 2.6 MaTpHH,bi CioKca (2.13) 0flH03HaHH0 onpeflejieHbi c TonnocTbio pp o^ho- 
BpcMCHHoro coHpstaceHHii c HOMom;bK) OflHOH H TOH xce flHaronajibHOH MaTpHH,bi. Mampuvfii 
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Z\ — ZqCq 




Z2 — ZiCi 



Phc. 1: CeKTopa -So, h onepaTopbi CTOKca Cq h Ci nafl hx nepeceneHHiiMH 

CmoKca yHunomeHmHU. MaTpHn,a Cq, OTBenaiomaH BepxHefi KOMnoneHTe nepeceneHHH ceK- 
TopoB, HHxcHeTpeyrojibHa, a MaTpHii;a Ci — BepxHeTpeyrojibna: 



TeopeMa 2.7 j2, 9, 11, I4, 16] YpaeHeHue (2.10) aHaAumuuecKU aKeueajienmHO ceoeu cf)op- 
MajibHou HopMaAbiiou cpopMe (2.11), ecjiu u moAhKO ecAU OHO UMeem mpueuaAhHue onepa- 
mopu CmoKca. flea ypaeneHun (2.10) aHOJiumuHecKU aKeueojieHmHU, ecAU u moAbKO ecAU 
OHU UMewm odunaKoeue ^opMcuibHue HopMUAbHue ^opMU u Ha6opu Mampuv, CmoKca (c 
moHHOcmbw do eumeynoMHHymoso odnoepeMeuHoso conpnotcenuH c noMombw duaaoHUAbHou 
MampuVfU). 

riycTb 7 : [0, 1] — > C \ — saMKHyTbift nyTb na npoKOJiOToft npHMoli r, flejiaiomnft o/];hh 
o6xofl BOKpyr nyjia npoTHB nacoBOH cTpejiKH. HanoMHHM, hto onepamop MOHodpoMuu ypaB- 
HeHHH (2.10) — 9TO jiHHeiiHbiH onepaTop, fleficTByiomHH b npocTpancTBe jiOKajibHbrx pemeHHH 
B OKpecTHOCTH TOHKH 7(6) H nepeBOflsiii],HH Kascfloe pemeHHe b pesyjibiaT ero anajiHTHHecKoro 
npoflOJixceHHa B^ojib nyiH 7. 

JleMMa 2.8 [9, cmp. 35] Mampuv,u MOHodpoMuu ypaenenun (2.10) u eso ^opMaAbHou nop- 

MaAhHou cfiopMU (2.11), o6o3HaHaeMue, coom,eem,cm,eenno, M u Mjv, u eeedemue eume 
Mampuv^u CmoKca Cq u Ci ydoeAemeopHiom paeencmey 




(2.14) 



(2.15) 
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PaccMOTpHM npoeKTHBH3aii;HK) ypaBHeHHH (2.10): cooTBeTCTByiomee ypaBHenne PnKKaTH 
Ha C-3HaHHyK> 4)yHKii,HK> p(t) = , nojiynaeMoe h3 (2.10) c noMombro TaBTOjiorHHecKoli 

npoeKLi,HH \ — )• C = CP^ . B KOHLi,e cTaTbH mbi 6y/i,eM HcnojibsoBaTb cjiepymmme cBoftcTBa 
npoeKTHBHSHpoBaHHbix KaHOHHHecKHx 6a3HCHbix pemeHHH ypaBHeHHH (2.10). 

IlpeflJioxceHHe 2.9 IJycmh ypaeneHue (2.10) aHaAumuuecKU aKeueaAenmHO ceoeu cf)opMam>- 
Hou HopMaAbHou cfjopMe. Tozda npoeKmueuaav^uu ezo KanoHuuecKux 6a3UCHUx pemenuu cynib 
eduHcmeeHHue pemenun p{t) coomeemcmeytomeso ypaeneHUH PuKKamu, soAOMop^Hue e OKpecm- 
Hocmu HyAH. Hx SHaueHun e nyAe paenu, coomeemcmeeHHO, nyAW u 6ecK0HeHH0cmu e npo- 
eKmuBHOu Koopduname P = ^■ 

Ilpc^.'io^KcnHc 2.9 xopomo h3bcctho cnen,HajiHCTaM h cjie^yeT h3 ero cnpaBefljiHBOCTH fljia 
{jpopMajibHoit HopMajibHOH (jpopMbi. 

IIpeflJioxceHHe 2.10 B ycAoeunx npedAootcenun 2.9 nycmt> iPi{t), ip2{T) — paccMampueae- 
Mue KanoHUHecKue pemenun ypaeneHun PuKKamu, '0i(O) = 0, ^2(0) = oo, a 

— HopMaAvsytovjfCui soMena nepeMennux, npueodmnan AuneuHoe ypaenenue (2.10) k nop- 
MOAbHou ^opjue. Tosda 

i^j = ^, 3 = 1.2. (2.16) 

npefljiojKeHHe 2.10 cjie^yeT h3 flHaronajibHocTH KaHOHHHecKoft 4)yH/i,aMeHTajibHOH MaT- 

pHn,bI pemeHHH HOpMajIbHOH (J)OpMbI. 



3 Hhcjio BpameHHH h moho^pomhh: ^OKaaaTejifcCTBO TeopeMti 
1.2 

3.1 lUejiOHHCJieHHocTt. nepeMfaineK 

PaccMOTpHM ypaBHeHHH (1.1) Kjiacca JX, h cooTBeTCTByion],HC mm ypaBHeHHH PHKKaTH (2.7) 
H jiHHeiiHbie ypaBHeHHH (2.8). npeo6pa30BaHHH HOTOKa ha,s '• — ^ HpOfII,OtJI^>KaiOTC5I KaK 
MeSnycoBbi npeoSpasoBaHHa c(J)epbi PHMana C = CP^ h coBnaflaiOT c HpeoSpasoBaHHeM mo- 

HOflpOMHH COOTBeTCTByiOn];HX ypaBHeHHH PHKKaTH HpH o6xOfle BOKpyr TOHKH G C, B CH- 

jiy HpefljiojKeHHH 2.3. 06o3HaHHM Hepe3 Ma^s onepaTop mohoapomhh jiHHeiiHoro ypaBHenHa 
(2.8). Ho OHpeflejieHHK), cHpaBefljiHBo cjie/i,yK)n],ee 

IIpe/i,Jio:»<;eHHe 3.1 UpodoAMceHHue npeo6pa3oeaHUH nomoKa ha,s coenadamm c npocKmu- 
6U3av,usiMU onepamopoe MonodpoMuu Ma^s coomeemcmeymmux AuneuHux ypaeneHuu (2.8). 

PocTOK KajKfloro H3 jiHHeHHbix ypaBHeHHH (2.8) B TOHKe HpperyjiHpen h HepesonaHcen, 
TOHHee, HMeeT bh^ (2.10). Ero (jpopMajibnaa HopMajibnaa 4)opMa HMeeT bh^ 

^^ = V ■ (3-1) 

W2 = :pzCi+aT)w2 
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OnepaTop MOHOflpoMHH cooTBeTCTByromeii (JpopMajibHoii HopMajibHOH 4)opMbi Sy^eM oSosna- 
HaTb nepes MN^a,s- HMeeM: 



IlpeflJio^eHHe 3.2 Tohkci (a, s) omeeuaem nepejviuuKe, ecAU u moAbKO ecAU s ^ u coom- 
eemcmeywmuu onepamop MOHodpoMuu Ma,s npoenmueHO moMcdecmeeHeH, m.e. ecnib npo- 
useedenue mootcdecmeeHHOso onepamopa na CKOJinpHuu MHOotcumeAb. 

^OKasaTejifaCTBo ToHxa OTBenaeT nepeMbiHKe, ecjiH h TOJibKO ecjiH s ^ n cooTBeTCTByro- 
mee npeoSpasoBaHHe noTOKa ypaBHeHHa Kjiacca JJ, sa nepnofl TOxcflecTBeHHO, b CHjiy npe^jio- 
xceHHa 2.2. 3to BMecTe c npefljioxceHHeM 3.1 flOKasbiBaeT npefljioxceHne 3.2. □ 



JleMMa 3.3 Touna (a, s), omeeuaem nepeMuune, ecAU u moAbKO ecAU a G s ^ u pocmon 
6 HyAe coomeemcmeymvueso AuneuHoso ypaenenun (2.8) anaAumuHecKU aKeueaAenmeH eso 
^opMaAbHou HopMaAbHou ^opMe (3.1). 

^OKasaTejitCTBO IlycTb s 7^ 0, a G Z h ypaBHenne (2.8) anajiHTHHecKH SKBHBajieHTHO cbo- 

eft HopMajibHOH (]3opMe. Tor/];a TOHKa (a, s) OTBenaeT nepeMMHKe, b CHjiy npe/];jiojKeHHH 3.2 h 

TOJK^eCTBeHHOCTH MOHOflpOMHH (3.2). /],OKaJKeM, HTO BepHO H o6paTHOe. IlyCTb TOHKa (a, s), 

s 7^ 0, OTBenaeT nepeMbiHKe. Tor^a onepaTop Ma^s npoeKTHBHO TOJKflecTBeHeH, a snanHT, ero 
MaTpHn,a b jibdSom SasHce flOJixcna HMeTb TpHBHajibHbie Bepxne- h HHxcneTpeyrojibHbie 9Jie- 

MeHTM. C jxpyvoVi CTopoHM, ero MaTpHLi;a b KaHOHHHecKOM 6a3Hcc npocTpancTBa pemeHHH b 
ceKTope iSo, cm. pnc. 1, ecTb npoHSBc^cHHe ^HaroHajibHoii MaTpHii;M mohoapomhh (3.2) 4)op- 

MajIbHOH HOpMajIbHOH 4)OpMbI H flByX MaTpHII,, o6paTHbIM K MaTpHII,aM CTOKCa. IIocjieflHHe 

flBe MaTpHn,bi yHHnoTeHTHbi, oflna h3 hhx HHxcHeTpeyrojibna, a flpyraa — BepxneTpeyrojibHa. 
IlpoMSBC^iCHHC Tpcx BbiuicyKaaaiiiibix MaTpHn; hmcct TpHBHa.JibHbic TpcyrajibHbic 3.JicMcriTbi, 
ecjiH H TOJibKO ecjiH flBe nocjie/i,HHe TpeyrojibHbie MaTpHLi,bi HMeioT TpHBHajibHbie TpeyrojibHbie 
sjieMeHTbi, H TBM caMbiM, TOJKflecTBeHHbi B cHjiy yHHnoTeHTHOCTH. 3to b tohhocth osHanaeT, 
HTO MaTpHn,bi CTOKca ToxcflecTBeHHbi, H TBM caMbiM, jiHHeHHoe ypaBHeHHe (2.8) anajiHTH- 

HCCKH 3KBHBajICHTHO CBOCH c330pMa.JIbH0H HOpMa.JIbHOH cjjOpMC, HO TCOpCMC 2.7. B HaCTHOCTH, 
MOHO^pOMHH ypaBHeHHH (2.8) 3a;j,aCTCH MaTpHIl,eH (3.2), KOTOpaa npoeKTHBHO TOJKfleCTBCHHa, 

ecjiH H TOJibKO ecjiH a G Z. HTaK, mm HOKaaajiH, hto onepaTop mohoapomhh ypaBHeHHH (2.8) 
npoeKTHBHO TOxcflecTBeneH, ecjiH h tojibko ecjiH ypaBHeHHe anajiHTHHecKH SKBHBaneHTHO cbo- 
eit 4)opMajibHOH HopMajibHOH 4)opMe H a G Z. 3to BMecTe c Hpe^jioxceHHeM 3.2 flOKasbiBaeT 
jieMMy 3.3. LI,ejiOHHCJieHHOCTb a6cH,HCC nepeMbineK flOKasana. □ 

3.2 Cjiynaft \u\ < 1: nepeMbiHKH r-ro asbiKa jieacaT na npaMoit a = r 

HTaK, Mbi HOKasajiH, hto Bce nepeMbiHKH jrejKaT na BepTHKajibHbix npHMbix c ii;ej[OHHCj[eHHbi- 
MH a6cH,HccaMH. Tenepb HOKajKeM, hto npn < 1 nepeMbiHKH KajK^oro HHflHBHflyajibHoro 
asbiKa ApHOJibfla jiexcaT na o^hoh h toh jKe H,ejiOHHCJieHHOH BepTHKajibHOH hphmoh, Tonnee, 




(3.2) 




(3.3) 



HTaK, HHxce CHHTaeM, hto < 1. 
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HpeflJiOHceHHe 3.4 IIpu \iy\ < I Bah aio6ux a, s G R UMeem Mecmo HepaeeHcmeo a — 1 < 
p{a,s) < a + 1. 06a Hepaeencmea neAnwmcM cmpozuMU, sa ucKAWHenueM CAyuan, Kozda 
s = 0, a = ±1. 

HepaseHCTBo h3 npefljioHcenHH 3.4 coflepjKHTCH b cTaTbe [3] h c4)opMyjiHpoBaHo TaM KaK jieM- 
Ma 4. IIpHBefleHHoe HHxce flOKasaTejibCTBO CTporocTH HepaBencTBa noBTopaeT flOKasaTejibCTBO 

H3 CTaTbH [3] C He6ojIbinHM flOnOJIHeHHeM. 

/l^OKasaTejibCTBO BcHKoe pemeHHe x{t) ypaBHeHHH Kjiacca J\ y^OBjieTBopsieT flH4)(J)epeH- 

Li,HajibHOMy HepaBeHCTBy 

a + ssini — 1 <x = smx + a + ssint < a + ssint + 1. (3-4) 

B cjiynae, Kor^a sinx ^ ±1, 3to nepaBencTBO aBjiaeTca CTporHM npn hohth Bcex t: npn 
Bcex t, flJiH KOTopbix sin.T(t) ^ ±1. SnaHHT, npHpamenne pemeHHH x{t) na jik)6om OTpesKe 
/ fljiHHbi 27r HaxoflHTCH MejKfly HHTerpajiaMH no TOMy jKe OTpesKy jieBoli h npaBoli nacTeli 
npeflbi^iymero nepaBencTBa (cm. Teopeiviy ManjibirHna o cpaBnenHH [10]). IIocjieflHHe HHTe- 
rpajibi paBHbi, cooTBeTCTBCHHo, o — 1 H a + 1. OTCK)fla cjie^yeT HepaBencTBO h3 npefljioxcenHa. 
HycTb Tenepb sina:(t) ^ 1. Tor/];a nepaBencTBO (3.4) HBjiaeTCH CTpornM npn hohth Bcex t. 
OTciofla cjieflyeT, hto npeflbi^ymee npHpamenne naxoflHTCH cTporo MejKfly HHCJiaMH a zt 1 h 
paBHOMepHO OTflejieno ot hhx no Bceivi OTpesKaM / fljinnbi 27r. Teivi caMbiM, hhcjio Bpan^enna 
Taicace jiexcHT CTporo MejK^y HHCJiaMH a±l, no onpeflejiennro n b cnjiy paBnoMepnocTH. IlycTb 
Tenepb nepaBencTBO (3.4) ne HBjiaeTCH CTpornM. Tor^a b CHjiy npe^bi^ymero, sinx(t) = ±1, 
a snaHHT, x{t) = f + vrfc, G Z. ypaBnenne (1.1) Kjiacca J\ HMeeT nocToannoe pemenne x{t) 
c sinx(t) = ±1, ecjiH n tojibko ecjin s = 0, a = ^l:B 9tom cjiynae hhcjio Bpan^enna paBHO 
nyjiK). npefljioxcenne flOKasano. □ 

PaccMOTpHM asbiK Apnojibfla, OTBenaion^HH flannoiviy n,ejiOMy nncjiy Bpan^enna r. Ero 
flonojineHHe ^o ropHSOHTajibnoft ocn s = jiejKHT CTporo Me'^jxy npsMbiMH a = r it 1, b 
CHjiy npe/i,biflyn],ero npeflJioJKeHHH. Ero nepeMbiHKH ne jieJKaT na ropHSOHTajibnon ocn (no 
onpeflejiennro) n nivieroT n,ejiOHHCJieHHbie a6cn,HCCbi, KaK noKasano Bbime. SnannT, onn jiejKaT 
na npjiMOH a = r. IlepBoe yTBepxcflenne TeopeMbi 1.2 flOKasano. 

3.3 CjiyHait npoHSBOjibHoro u: MO^yjib a5cij,HCCbi nepeMbiHKH ne npeBOC- 

XOflHT MOJiyjia HHCJia BpameHHH 

Sflecb flOKasbiBaeTCH BTopoe yTBepjKflenne TeopeMbi 1.2: npn jiioGom 4)HKCHpoBannoM ly ^ 
a6cn,HCca Kaxc^on nepeMbiHKn HMeeT tot tkb snaK, hto h cooTBeTCTByiomee hhcjio Bpamennii, 
H ee MOflyjib ne npeBOCxo^HT MO^yjiJi nncjia BpameHHH. 

BnaHa.Jic mm p^oKayKeu coBnaflcnne snaKOB, KOTopoe jierKO cnejiyeT ns Toro, hto bch ocb s 
jiejKHT B HyjieBOM asbiKe Apnojib^a (cjie^yiomee npefljiojKenne) . 3aTeM mm flOKajKeM Bbime- 
ccJpopMyjiHpoBannoe nepaBcncTBO, ncnojibsya KOMnjiCKCHbie ypaBnennji PnKKaTH n npHHn,Hn 
apryMCHTa fljia nx KanonnnecKHx pemennH. 

IIpeflJiomeHHe 3.5 JJpu a = u ah)6ux u u s ypaeneHue (1-1) UMeem uyAeeoe hucao 
epamenuH. TeM comum, npu Am6oM u ^ ecn ocb s AeoKum e nyAeeoM nsuKe ApnoAbda. 

^OKaaaTejibCTBO Xlpn a = ypaBnenne (1.1) hmcct chmmctphk) {x,t) i— t- {—x,t + TT). 

TeM caMbiM, ecjiH x(t) — pemenne, to n x(t) = —x{t + tt) — Toxce pemcHiic. OTciofla 
cjie^ycT, HTO nnBOJiion,n5i x i— >■ —x conparacT OToSpaacenna noTOKa Hq^2% '■ ^ ^ {0} — >^ x {0} 
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H Hj^^2tt ■ ^ X {tt} — 7- M X {tt} no;];HHToro ypaBHeHHH (l-l)- Tcm caMbiM, paccMaTpHsae- 
Mbie oTo6pajKeHHa HMeioT npoTHBonojiojKHtie HHCJia BpameHHH, onpeflejieHHbie KaK npe/i,ejibi 
(2.2). C flpyroH CTopoHbi, hx HHCJia BpamenHH paBHbi HHCJiy Bpamenna noTOKa, cm. pas^eji 
2.1. HiaK, paccMaTpHBaeMbie nncjia Bpamennji oflHOBpeMeHHO paBHbi h npoTHBonojioxcHbi. 
CjieflOBaTejibHO, hhcjio BpamenHa paBHO nyjiio. IIpefljioxceHHe flOKasano. □ 

CjieflCTBHe 3.6 A6cii,ucca Kacucdou nepcMUUKU UMeem mom cuce shuk, umo u coomeem- 
cm.eytovnee hucjio epaui^eHUH, ecAU nocAednee ne paeno nyAW. 

^OKasaTejifaCTBO Hhcjio Bpamenna paBHo nyjiio npn a = h ne y6biBaeT KaK 4)yHKLi,Ha ot 
a. 3to flOKasbiBacT cjie^CTBHe. □ 

OnKCHpycM 1/ 7^ H paccMOTpHM npoHSBOJibHyio nepeMbiHKy (a, s). IlycTb p = p{a, s) — 
cooTBCTCTByiomee hhcjio BpameHHsi. HanoMHHM, hto cooTBCTCTByiomee jinneHHoe ypaBHCHHe 

(2.8) aHaj[HTHHeCKH SKBIIBajICHTHO CBOeft 4)OpMaj[bHOH HOpMajIbHOH 4)opMe B Hyjie (jieMMa 

3.3). OTciofla cjieflyeT, hto npoeKTHBHSHpoBaHHbie KaHOHiinecKiie 6a3HCHbie peineHHH ypaB- 

HCHHil (2.8) rOJIOMOp4)HbI B HOJIHOH OKpCCTHOCTH HyjIH (npeflJEOXCCHHe 2.9), a CJieflOBaTCJIbHO, 

Ha Bceit npjiMOH C. 06o3HaHHM nocjie^HHe npoeKTHBHsiipoBaHHbie pemeHHsi nepes V'i(t), 
'02(t), TaK HTO ipi{0) = 0, ip2{0) = oo, CM. npefljioxccHHe 2.9. IIojiojkhm 

= {\p\ = 1}(ZC, Sl = {\t\ = 1} C C, = X Si, D, = {|r| < 1}. 



SaMeHaHHe 3.7 Top HKBapHaHTen OTHOciiTejibHO ypaBHeHiiH PiiKKaTii (2.7), orpaHiiHen- 
Horo Ha C X 5^. OyHKH,HH ipi, ip2 cyTb ero pasjiHHHbie pemeHHH, a snannT, iPi{t) ^ '^lij^ npH 
Bcex r G C OrpaHHHeHne Kaxcflofi h3 hhx na eflHHHHHyio oKpyxcHOCTb S\ npHHHMaeT sna- 
HeHHH, jiejKamHe jihSo bcc no o^ny CTopony ot eflHHHHHon OKpyxcHOCTH S'^, jihSo na caMofi 
OKpyxcHOCTH. 3to cjie^ycT h3 HHBapnaHTHOCTH Topa T^. 

T^OKasaTCJibCTBO HepaBCHCTBa \a\ < \p\ ^jih nepcMbineK h3 TCopcMbi 1.2 ocHOBano na 
cjieflyiomeH 4)opMyjie fljia nncjia Bpaiii;eHHsi p. 

JieMMa 3.8 Uycmb IV'iHsi < 1- Tozda 

p = a — 2^{noAH)co6 (fiyHKv;au V'll.Di)- (3-5) 

^OKasaTejibCTBO JXn^i npoiisBOjibHoro pcmeHiiH -0 ypaBHeHHH PiiKKaTii (2.7) ii j[io6oro 
r > 0, TaKoro hto ^ oo, paccMOTpiiM ypaBHeniie b BapHaLi,HHx b^ojib pemenHH ij). 

SaMCTHM, HTO pemeHHe ypaBHCHHa b BapHaii,HHx oflHOsnaHHO onpeflejieno c tohhoctbio j\o 

MyjIbTHnjIHKaTHBHOH KOHCTaHTbl H rOJIOMOp4)HO HO T B OKpCCTHOCTH OKpyXCHOCTH {|r| = r}. 

3to ciiejxyeT iis Toro, hto ypaBHenne PiiKKaTii iiMeeT TpuBnajibHyio MOHO/];poMHio, KaK h 
cooTBCTCTByiomee jiiineHHoe ypaBHeniie (npeflJioJKeHiie 3.2). (PiiKciipyeM npoiisBOjiBHoe HCHy- 
jiCBoe pemeHHe v{t) ypaBHenna b BapHaH,Hax. OpneHTHpycM oKpyjKHocTb {|r| = r} npoTHB 
naCOBOH CTpejIKH h bbc^cm hhackc 

Xr(V') = npnpameHHe apryMCHTa pemeHHH v{t) Bflojib oKpyjKHocTH {|t| = r}. 

npeflJio>KeHHe 3.9 /I,ah ak>6ozo docmamouHO moaoso r > Xrii^i) = 
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CnpaBe;];jiHBOCTi. npe;];jiojKeHHH cjie^yeT h3 ero cnpaBe;];jiHBOCTH ^jih ypaBHeHHH PaKKaTH, 

HBJIHIOmerOCH npoeKTHBH3aLI,HeH (jpopMajIBHOH HOpMajIBHOH 4)OpMbI (3.1), H anajIHTHHeCKOH 

HopMajiHsyeMOCTH paccMaTpHBaeMoro jiHHeHHoro ypaBnenHH (2.8). 
IIpeflJioxceHHe 3.10 Ilycm'b \i^i\\sl < 1- Tozda Xi(V'i) = P- 

^OKaaaTejifcCTBO OnKcnpyeM tq € 5"^. IIpeoGpasoBaHHH noTOKa C X {tq} ^ C x {r} 

ypaBHeHHH PnKKaTH B/;ojib e/;HHHHHOH OKpyjKHOCTH |r| = 1 cyTb MeGnycoBbi npeoGpasoBa- 
HHa, coxpaHHioii],He eflHHHHHbiH flHCK. HHfleKc Xi(V') JiK)6oro peineHHH ypaBHeHHH PnKKaTH 
c V('^o) € Di He saBHCHT OT BbiSopa pemeHHa h paBen p npn V(''o) € Sp. 3to flOKasbiBaeT 
npefljioxceHHe. □ 



IlpeflJiOHceHHe 3.11 PaccMompuM npouseoAbnoe ypaeneHue PuKKamu. nycnib < ri < 
r2 — maKue, nmo ypaenenue PuKKamu aoAOMopcfjno e OKpecmnocmu saMKHymozo KOAbv^a 
■^rir2 = {''I ^ \t\ ^ ''2} u UMeem maM MepoMop^noe pemenue iI){t) 6e3 noAwcoe na apaHuv,e 
KOAbv,a. Tosda 

XriW = Xri(V') - 2#{nOAH)COe 4>yHK%UU V'|ri<|r|<r-2)- 

^OKaaaTejifcCTBO HenyjieBoe penieHne v{t) ypaBHennH b BapHan,H5ix Bflojib if) ecTb cJ)yHKi];H5i 

CO SHaHeHHHMH B KacaTe.iibHOM paccjioeHHH K ccjicpc PHMana, rojioMopcJjHaa b OKpecTHOCTH 
KOJibn,a ^nrg ^ He o6paiii,aioiu,aHCH b nyjib. IlycTb p — KOMnjieKcnaa KoopflnnaTa na C. Ona 
sa^aeT CTanflapTHyio TpHBHajiH3an,Hio KacaTejibHoro paccjioeHHa TC na^ C. <l>yHKn,HJi v{t) 
CO SHaHeHHHMH B TC, sanHcaHHaa b cTaHflapTHofi TpHBHajiH3an,HH, McpoMop4)Ha, h mm 6yfleM 
ee o6o3HaHaTb TeM JKe chmbojiom v{t). HoKaJKeM, hto 4)yHKii;HH v{t) HMeeT Te JKe nojiioca 

H TOH JKe KpaTHOCTH, HTO H 4)yHKLI,HH V'^ (''")• 3^0 BMeCTe C npHHLI,HnOM apryMeHTa flOKa- 

xccT npefljioxceHHC 3.11. IlycTb r' G Int{Ay^ri) — nojiioc 4)yHKn,HH ^. IlycTb F C C \ — 
npoHSBOJibHaa Majiaa OKpecTHOCTb SecKoneHHOCTH, TOHHce, flonojiHCHHe k SojibinoMy flHC- 
Ky c Li;eHTpoM b nyjie, a D d Ar^r2 — Majibift BaMKHyTbift /];hck c ii;eHTpoM b r', TaKoli hto 
ip{D) C V. PaccMOTpHM BcnoMaraTejibHyio TpHBHajiH3au,Hio KacaTejibHoro paccjioeHHH TC 
Hafl V, saflaHHyio c noMonibio KapTbip = ^. HanoMHHM, hto TC- snanHoe pemeHne ypaBHenHa 
B Bapnai^HHx rojioMopcJjHo na saMKHyTOM ahckc Dub hoboh TpHBHajiH3an,HH 3anHCbiBaeTCH 
KaK v{t) = iI)^'^{t)v{t). Ho nocTpoeHHio, dpymaiaii v{t) rojioMop4)Ha h He o6paiii;aeTCH b 
Hyjib Ha flHCKe D, h v{t) = v{t)iP'^{t). CjieflOBaTejibHo, 4>yHKH,Ha v{t) HMeeT Te JKe HOJiioca 
H TOH xce KpaTHOCTH, MTO H cJ)yHKH,HH tp'^^r). IIpefljioxceHHe 3.11 flOKaaano. □ 

CnpaBefljiHBOCTb jieMMbi 3.8 BbiTeKaeT h3 npefljioxcenHH 3.9, 3.10 h 3.11. □ 

JleMMa 3.12 Ilycmb ^yHKV,uuipi\si uip2\s]^ au6o npuHUMamm SHaneHUH, Aeotcamue no pas- 

Hue cmopoHU om eduHUUHOu OKpyoicnocm,u S^, au6o ipj{Sl) C Sp npu neKomopoM j = 1,2. 
Tozda HUCAO epamenun paccMampueaeMoao ypaeneHun KAacca paeno a6cv,ucce nepeMUUKu: 
p = a. 

HnjKe Mbi BbiBefleM jieMMy 3.12 h3 jieMMbi 3.8 h cjieflyion],ero HpefljiojKeHHH. 
IIpeflJio^eHHe 3.13 B ycjioeuax acmmu 3.12 

|V'i|lsr<i, IV'2|lsr>i- M 
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^OKaSaTejIBCTBO PaCCMOTpHM 4)yHKn,HIO 

9= -r- 

OyHKn,HJi (?!>(r) MepoMop4)Ha na C h oSjia^aeT cjieflyromHMH CBOHCTBaMH: 

^ 1, <^(0) = 0; jih6o \4>\\si < 1, ™6o |<^||5i > 1. (3.7) 

yTBepjKfleHHe (3.7) cjieflyeT hs ycjioBHH jieMMbi 3.12 h saMenaHHH 3.7. Mm paaGepeM BHanajie 
nepBbiii cjiynaH, Kor^a I^H^i < 1, a saieM noKaxceM, hto BTopoii cjiynafi, Kor^a I^H^i > 1, 
HeBOSMOxceH. PaccMOTpHM pasHOCTb ^(r) — 1. Ona MepoMop4)Ha h ne oSpamaeTca b nyjib na 
C, a npHpameHHe ee apryMeHTa b^ojib OKpyjKHOCTH paBHO nyjiio, TaK KaK (j){S^) C Di. 
CjieflOBaTejiBHo, 4>yHKLi;HH ^ — 1 ne HMeeT nojiiocoB b eflHHHHHOM ^HCKe. SnanHT, |^/>||di < 1, 
no npHHn,Hny MaKCHMyMa h Tax KaK nocjie^Hee HepaBencTBO BbinojiHeno na rpaHHn,e ^ncKa 
no npeflnojioxcennio. HiaK, I'^il < |^2| sa eflnnnnnoM flncxe. C flpyron cToponbi, na e^nnHH- 
noH OKpyjKnocTn Bbinojineno o^no ns nepaBencTB {ipil < 1 < \ip2\, \ip2\ < 1 < ^ cnjiy 

ycjioBHs jieMMbi 3.12. Cjie/i,OBaTejibno, nepBoe nepaBencTBo Bbinojineno na BceM saMKnyTOM 
eflHHHHHOM flHCKe, H npefljioxceHHe 3.13 ^OKasano. ITycTb xenepb HMeeT MecTO BTopofi cjiy- 
nan: \(f>\\si > Ij T.e. |(?!'~'^||5i < 1. PasnocTb (j)~^{T) — 1 McpoMop4)Ha h ne oSpan^aeTca b nyjib 
na C, a npnpani;enne ee apryMenTa Bp^ojib oxpyjKnocTH paBno nyjiio, xax n Bbime. B to JKe 
BpeMH, paccMaTpHBaeMan paanocTb HMeeT nojiioc b nyjie, hto npoTHBopennT npHnn,Hny apry- 
MenTa. nojiynennoe npoTHBopenne flOKasbmaeT neBOSMOxcnocTb paccMaTpnBaeMoro cjiynaa 
H saBepmaeT ^OKasaTejibCTBO npe^jioxcenna 3.13. □ 

^OKasaTejiBCTBO jieMMM 3.12. HMeeM |V'i|i3i < Ij b cnjiy npefljioxcenna 3.13. OTcro^a h 
H3 JieMMbi 3.8 cjie^yeT yTBepxc^enne jieMMbi 3.12. □ 



JleMMa 3.14 Uycmb na eduHunnou oKpyMCHocmu eunoAHenu Hepaeencmea \tpi\,\ip2\ < 
1 . Tozda p < a < 0, zde a — a6cii,ucca paccMampueaeMou nepcMUHKU. 

^OKaaaxejifaCTBO HepaBencTBo p < a cjie^yeT ns jieMMbi 3.8. ^ocTaTonno noKaaaTb, hto 
p < 0: Torfla a < 0, b cnjiy cjieflCTBna 3.6. 

IIpefljiOHceHHe 3.15 B ycAoeunx acmmu 3.14 hucao epamenun p paeno npupavnenuto apzy- 
Menma pasHocmu ip2 — ipi edoAt> eduHUUHOu OKpyMCHOcmu. 

^OKaaaxejifaCTBO HanoMnnM, hto V'i(''") 7^ ^2{'^) npn Bcex r G C. PaccMOTpnM oTo6pa>Ke- 
nna noTOKa iJi,r : C x {1} — >■ C x {r} ypaBnenna PnKKaTH (2.7) npn r G 5^. HpeoGpasoBa- 
nna Hi ^ hbjisiiotcji Kon(|)opMnbiMH aBTOMop(J)H3MaMH eflnnnnnoro flncxa, n Hi^T^tpj^l), 1) = 
{i]jj{T).T) npn j = 1,2, TaK KaK ijjj cyTb pemenna ypaBnenna (2.7). OTCiofla anc/iycT, hto 
reoflesnnecKaa MeTpnKn HyanKape na D\, coe/;HnHion],aH tohkh V'i(l) ^ V'2(l)) nepexoflHT 
B reoflesHHecKyio 7r, coeflnnaiomyio tohkh ^i{t) h V2(t). KajKflbin h3 Konn,OB reoflesnne- 
CKOH 7^ npoSeraeT eflnnnnnyio OKpyxcnocTb, ^ejiaa p nojinbix oSopoTOB, Kor^a r npoSeraeT 
e/^nnnnnyK) OKpyjKnocTb S]. b nojiojKHTejibnoM nanpaBjiennn. 3to cjie^yeT ns onpe/^ejienna 
nncjia Bpamenna. C flpyron CToponti, npHpani,enHe apryMenTa nanpaBjiHioni,ero eflnnnnnoro 
BeKTopa reoflesHHecKOH 7(r) b tohkc ^i{t) paBno npHpani,enHK) apryMenTa npHMOJinnennoro 
BeKTopa na Ebkjih^oboh hjiockocth = C C C, nanpaBjiennoro h3 tohkh i1^i{t) b toh- 
Ky '02 ("T")- 3to cjie^yeT h3 Toro, hto yroji Mexc/i,y paccMaTpHBaeMbiMH BeKTopaMH Menbine tt 
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npn Bcex r. Htek, npHpamenne apryivieHTa 4)yHKn,HH V'2(t) — paBHO HHCJiy BpamennH. 

IlpefljiojKeHHe 3.15 flOKasano. □ 

IIpeflJioxceHHe 3.16 B ycAoeunx acmmu 3.14 npupauj,eHue apsyMenma pasHocmu -02 — ipi 
edojib eduHUHHOu OKpyotcHocmu ompuv^amejimo. 

^OKasaTejitcTBo PaccMOTpHM MaTpHHHOSHaHHyio (|)yHKn,Hio H{t) HopMajiHsyiomeH saivie- 
Hbi, npHBOflHmefi jiHHeiiHoe ypaeHeHHe (2.8) k HopMajibHofi 4)0pMe (3.1): z = H{t)w. Mai- 

pHHHOSHaHHaa 4)yHKii;HH H{t) rojioMopcJjna na C h npHHHMaeT SHaneHHa b o6paTHMbix Mai- 
pHLi,ax. HanoMHHM, hto ij^j = ^ npn j = 1, 2, b cHjiy npe/i,jiojKeHHa 2.10. TeM caMbiM, 

hiih22 — ^21^12 
V'2 - V'l = 7-^^ • 

HncjiHTejib B nocjieflHefi npaBofi nacTH ecTb onpeflejiHTejib o6paTHMOH MaTpHHHOSHaHHofi 
4)yHKii;HH H, a SHaHHT, OH He o6paHi;aeTCH b nyjib na C. Tcm caMbiM, npHpameHHe apryMeHTa 
paccMaTpHBaeMOH pasHocTH paBHo MHHyc cyMMe KOJinnecTB nyjieit (c yneTOM KpaTHocTeft) 
4)yHKn,HH hii H hi2 b eflHHHHHOM flHCKe. IIocjieflHsm cyMMa nojioxcHTejibna, Tax KaK /ii2(0) = 
0. CjieflOBaTejibHO, paccMaTpHBaeMoe npHpamenne apryMeHTa OTpHn,aTejibHO. IlpefljioxceHHc 
3.16 flOKasano. □ 

HepaBencTBo p < cjiepyeT h3 npe/];jiojKeHHH 3.15 a 3.16. 3to BMecTe c paccyxcfleHHHMH 
H3 Hanajia flOKasaTejibCTBa jieMMbi 3.14 ^oKasbiBaeT jieMMy 3.14. □ 

OKOHHaHHe flOKaaaTejiBCTsa TeopeMbi 1.2. Mbi yjKe ^oKasajin, hto a6cii;Hccbi nepe- 

MblHeK LI,ejIOHHCJieHHbI. HanOMHHM, HTO flJIH KaJKflOH nepeMblHKH KaJKflaa HS COOTBeTCTByiO- 

4)yHKn,HH tl^jlsi, j = 1,2, npHHHMaeT SHaneHHsi jihSo ho o^ny CTopony ot eflHHHHHOH 
OKpyjKHocTH, jih6o Ha caMOH oKpyjKHOCTH. HMeeT MecTO OflHH H3 cjieflyiomHx Tpex cjiynaeB: 

1) 4)yHKu;HH ipjlsT-, j = 1,2, npHHHMaioT SHaneHHH, jiejKani;He no pasnyio CTopony ot 
eflHHHHHOH oKpyjKHocTH; ciofla Mbi BKjiioHaeM H cjiynaH, Kor^a iV'jHsi = 1 npn neKOTopoM 
i = l,2; 

2) IV'jllsi < 1 npn Bcex j = 1, 2; 

3) IV'jIIsi > 1 npn Bcex j = 1, 2. 

B nepBOM cjiynae HMeeM p = a, no jieMMe 3.12. Bo BTopoM cjiynae HMeeM p < a < 0, no 
jieMMe 3.14. TpeTHfi cjiynan cbo^htch ko BTopoMy saMenofi nepeMennbix (x, t) i— >■ (— x, t + w) 
{{p,t) !->■ (p^^j—t) b KOopflHHaTax (p, r)). IIocjieflHHH saMena nepeBOflHT ypaBnenne Kjiacca 
^ B TO JKe ypaBnenne, no MenaeT snaK napaMeTpa a n nncjia Bpani;ennH. OTCK)/];a n ns npe^bi- 
flyn],ero yTBepjKflenna cjiepyeT, hto b TpeTbeM cjiynae nMeeT MecTo nepabencTBo < a < p. 
IIpH a = HMeeM p = 0, b cnjiy npefljioxcenHa 3.5. 3to flOKasbiBaeT TeopeMy 1.2. 

3.4 3KcnepHMeHTcUibHbiH 4)cikt A b o6ii];eM cjiynae: TeKymee cocToaHHe 

3KcnepnMenTajibnbiH 4)aKT A, yTBepjK/];aiom,nH, hto p = a ji^jiii KajK^on nepeMbiHKH, flOKasan 
npn < 1 (TeopeMa 1.2). OjKH/i,aeTCH, hto on Bepen npn jiio6om 7^ 0. 



TeopeMa 3.17 /I^asi Kaoicdou nepcMUUKU pasHocmt, p — a ecesda Hemna. Ecjiu ona ne paena 
HyAW, mo Au6o p < a < 0, au6o < a < p. 
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TeopeMa 3.17 cjie^yeT h3 jieMMbi 3.8 h TeopeMbi 1.2. 

IlycTb (i/, a, s) — nepeMbiHKa. IlycTb ipi, ip2 — rojioMopcjpHbie b nyjie pemeHHH cooTBeT- 
CTByiomero ypaBHenHa PnKKaTH (2.7) h3 npefljioJKeHHa 2.10. 

KaK noKasano HHxce, paBencTBo p = a HMeeT mbcto npn cjie^yiomeM ycjiOBHH: 
ycjiOBHe (*) Ha ypaBHeHHe PnKKaTH (2.7): jih6o 'ijJi{T) ne HMeeT nojiiocoB b e^HHHH- 

HOM flHCKe H IV'lllsl ^ 1) JIh6o 1p2{'^) He HMeeT Hyjieft B eflHHHHHOM flHCKe H 1^/^21151 ^ 1- 

JleMMa 3.18 nycmb (1^,0,5) — nepeMUHKa (s 7^ 0^. Toada p = a, ecjiu u mojibKO ecjiu 
coomeemcmeymvuee ypaeneHue PuKKamu ydoejiemeopnem yc/ioeuto (*). 

JleMMa 3.18 cjie^yeT h3 jieMMbi 3.8, anajior KOTopoit cnpaBefljiHB h b cjiynae, Kor^a 
1^^211 51 ^ 1) c saMeHOii (]3yHKi],HH f/^i ua, tp2, a KOJinnecTBa hojiiocob — na KOJinnecTBO ny- 
jieit. 

rnnoTeaa C. YcjioBHe (*) BbinojiHeno p^jia bchkoh nepeMbiHKH. 
3KcnepHMeHTajibHbiH 4>aKT A 3KBHBajieHTeH rnnoTese C, b cHjiy jieMMbi 3.18. 

ABTopbi SjiaroflapHbi B.M.ByxmTa6epy, S.yKacy, KD.C.HjibHineHKO, A.B.KjiHMenKO h 
O.JI.PoMacKeBHH 3a nojiesHbie oScyxcflenHH. 
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